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1. INTRODUCTION 
The present note is concerned with an asymptotic expansion of the solution 
u(t) of the differential equation 
$p - A(t) u(t) = f(t) 
in a Banach space X. The functions u(t) andf(t) are defined on the real half 
line [0, co) and have values in X. The function A(t) has the same domain of 
definition and has values in a set of unbounded linear operators acting in X. 
Tanabe [I] investigated the behavior as t + co of the solution of Eq. (1.1). 
He stated that under certain natural conditions on the behavior of A(t) and 
f(t), one can prove that if both converge in some sense as t -+ 03, then the 
solution u(t)of Eq. (1.1) aJs 0 converges to some element-of X as t -+ 00. In 
the present note we assume a certain asymptotic behavior of A(t) and f(t) 
as t -+ co and obtain a corresponding asymptotic behavior of the solution 
u(t). This result is used in Section 4 to obtain an asymptotic expansion of the 
solution of a parabolic equation in a cylindrical domain. Results similar to 
the results of Section 4 were obtained by Friedman [4]. 
2. ASYMPTOTIC EXPANSION OF THE SOLUTION OF EQUATION (1.1) 
In what follows we shall assume that the operator A(t) has the expansion 
A(t)=A,+~A,+~A,+...+~A.+~B,(t) (24 
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where 
(-4.1) A, is a closed linear operator with domain D(A,) dense in X and 
range in X. The resolvent set P(&,) of A, contains the closed angular domain 
,Z = {h -0 < arg h < e}, 6J > a/2, and the point h = 0. The resolvent 
R(h : A,) of A, satisfies 
(2.2) 
for each h in Z, where M is a positive constant independent of I\. 
(A.2) The operators A, , 1 < K < n, are closed linear operators with 
domains D(A,) in X and ranges in X. We assume that D(A,) contains D(A,) 
for every k, 1 < k < n. 
(A.3) For every t > 0, B,(t) is a closed linear operator with domain 
D@,(t)) in X and range in X. Furthermore, the domain of B,(t) contains 
the domain of A, for every t > 0. 
From (A.3) we obtain, using the closed graph theorem, that B,(t) A-l is 
a bounded linear operator and that 
II &W 24 II < Wll4lu II (2.3) 
for every u in D(A,). 
We further assume 
(A.4) The bounded linear operator B,(t) A;l is Hiilder continuous in 
t, (t > 0), in the uniform operator topology; i.e., 
11 in At1 - e&) Ai? II d c I t, - t, in, 0 < p Q 1, 
where C is a constant. 
(A.5) The function K(t) defined by Eq. (2.3) tends to zero as t + 00’ 
Remark 1. If the conditions (.4.1WA.5) are satisfied for some n > 0, 
they are also satisfied for every k, 0 < k < n, where 
n 
l&(t) = 2 t-‘A, + t-%,,(t). 
2=12+1 
Remark 2. It is easy to verify that if for some n > 0 and t > to > 0, 
A(t) satisfies the conditions (A.l)-(A.S), then A(t) + (c+)I, where I is 
the identity, also satisfies these conditions with the same n. 
LEMMA 1. Let A(t) satisjy the con&&s (A.IHA.5) with some n >, 0. 
Then there exists a positive number t, such that 
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(i) if& < t, then A(t) is a closed linear operator with the domain D(A,) 
dense in X and range in X. The resolvent set of A(t) contains the resolvent set 
of A,, and 
MO 
II Wk AWlI G , x , + 1 (2.5) 
for every h E p(A,) and t E [tom), where M,, is a constant independent of h and t. 
(ii) for s, t >, t, , A(t) A(s)-l is Hiilder continuous in t in the umform 
topology for each fixed s; i.e., 
II A(h) A(sY - 4) 44-l II < K I t, - t, 10, O<P<l, (2.6) 
where K is a positive constant independent of t and s. 
Proof. (i) Set Q(t) = A(t) - A,. Using the assumptions (A.2) (A.3) 
and the closed graph theorem, it is easy to show that for every A E p(A,) and 
t > 0, Q(t) R(h : A,) is a bounded linear operator. Furthermore, 
I: Q(t) R(X : A,)ll < gl t-C + (M + 1) t-K(t) (2.7) 
where C, = (M + 1)1] A,A;;’ 11 and K(t) is the function defined by Eq. (2.3). 
Using assumption (A.5) [for the case n = 0] and eq. (2.7), we can choose 
a number t, > 0 such that for every t 3 to, (( Q(t) R(A : A&l < 4. 
Now if h E p(A,), then 
A - A(t) = [I -Q(t) R(h : A,,)]@ - A,,). (2.8) 
For t > t, , the operator on the right-hand side of (2.8) has a bounded 
inverse and therefore h is in the resolvent set of A(t) and 
II JW : AW)ll < II W : 44 . IV - Q(t) JW : &2)-l II < , A;“+ 1 . 
Note, in particular, that A(t)-l exists. 
(ii) Using the condition (A.4), it is easy to see that A(t) Ai1 is Holder 
continuous for t > t, ; i.e., 
II 4,) A;’ - A@,) Ai1 Ii G K I t, - t, I’, 0 G p < 1. 
For t > to , (I Q(t) A;l )I < 3 and therefore Z + Q(t) A;l has a bounded 
inverse with norm less than 2. The inverse of Z + Q(t) Aal is A&t)-1 and 
therefore for t > to , 11 A,,A(t)-l jj < 2. Thus 
:I 4,) AW1 - AM A(s)-’ !I = II(A(td - A(h) A;lA&)-l ll 
< 2 II 4,) 4’ - 4,) 4’ II 
< 2K ) t, - t2 1’. Q.E.D. 
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The conclusions of Lemma 1 are essentially the conditions required 
by Tanabe [2] for the existence of an evolution operator. Therefore we 
obtain 
COROLLARY 1. Under assumptions (A.l)-(A.5) there exists a positive 
number to such that for every s, t > t, the equation 
du 
J+(t)u = 0 
has a fundamental solution U(t, s) satisfying 
; up, s) = A(t) qt, s) 
qt, Y) U(Y, s) = U(t, s), t, 2 s < I < t, 
- ; u(t, s) u = U(t, s) A(s) u for u E &I,). 
The solution of the inhomogeneous equation 
2 - A(t) u = f(t) (2.9) 
is uniquely determined’ by the Hiilder continuous inhomogeneous term and the 
initial data. 
It can be easily shown that under the assumptions (A.t)-(A.5) with n > 0, 
the conditions of Theorem 1 of Tanabe [I] are fulfilled, and as a consequence 
we obtain the following theorem: 
THEOREM 1. Let 
f(t) = fo + dt), (2.10) 
where p)(t) is uniformly HiiMer continuous in t : 
II(?w - P@s)ll G K I t1 - h ID3 ogp<1 
and 11 P)(t)11 = o( 1) as t + CD. Let u(t) be a solution of Eq. (2.9) and assume that 
the conditions (A.lHA.5) with n = 0 are satisfied. Then 
u(t) = uo + v(t), (2.11) 
where 
IIv(t)ll = 41) as t+co 
and 
4lu,+fo =a 
Using Theorem 1 as the first step in an inductive process we obtain 
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THEOREM 2. Let A(t) satisfy the conditions (A.l)-(A.5) with some n > 0. 
Assume that 
(2.12) 
where cp(t) is uniformly Hiilder continuous in t and 11 v(t)11 = o(l) as t + CC. 
Let u(t) be a solution of Eq. (2.9); then 
U(t)=Uo+fUI+;Ua+...+ (2.13) 
where 
and 
II fall = 41) as t-too (2.14) 
A#, +fo = 0 (2.15) 
Proof. For n = 0, Theorem 2 coincides with Theorem 1. Assume that 
the theorem is true for m - 1 < n. Then Eqs. (2.13), (2.14), and (2.15) 
are valid with n replaced by m - 1. We shall show that in this case the 
theorem is also true for m. Let 
4t)=u,+fu,+*-+& %-1 + ; w(t), (2.16) 
where uk , 0 < k < m - 1 are determined by Eq. (2.15). Substituting 
(2.16) into Eq. (2.9) we obtain 
1 dw 
- 
[ 
--(A(t)+FI)w] = 
t”’ dt 
= A Km - 1) s-1 + A,~,, + --a + Amu, +fm + &n(t) uo + q&)] 
+ &l At), 
where 
and g(t) is a finite sum of terms of the form P(A,z+ + B,(t) ut) with 
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0 < k, j < m - 1 and 0 < i, I < m. It is easy to check that for t 3 to > 0; 
t-lg(t) is Holder continuous in t. Multiplying both sides of the last equation 
by tn we obtain 
dw - - [A(t) + ;I] dt w = (m - I) u,el + Alum-l + *.- + &uo +fm 
+ [%&) + &l(t) uo + %t)1. 
The term depending on t on the right-hand side is Holder continuous and 
11 Fm(t) + B,(t) U, + t-‘g(t)11 = o(1) as t + cc. The operator A(t) + (m/t) I 
satisfies the conditions (A.l)-(AS) with n = 0. Therefore, using Theorem 1, 
we obtain 
w(t) = u, + w(t), (2.17) 
where 
II Wll = 41) as t-co 
and 
Aou, + (m - 1) u,-i + -0,-r + .-* + A,uo + fm = 0; 
substituting (2.17) into (2.16) gives the desired result for m. The theorem 
then follows by induction. 
3. ELLIPTIC BOUNDARY VALUE PROBLEMS 
We denote by G a bounded domain in n-space with boundary aG and 
closure G. Let x = (x1 ,..., x,J be a generic point in En . Set Di = a/ax, , 
i = 1, 2,..., n, and Da = Da11)02 *-- Da,. Here 01 = (a1 ,..., s) is a multi-index 
with integral components 01~ 3 0 whose length 01~ + c~a + *** + OL, we denote 
by I OL I. We consider complex-valued functions defined in G (or G). For U(X) 
in C(G) we define L, norms p >, 1 
il 24 &.L, = 1 l/P ) D”u IP dx . 
The completion of P(G) under this norm is a Banach space denoted by 
Hj,L,(G). For p = 2, it is a Hilbert space. The class of functions q, which 
are the boundary values of functions w belonging to H,,L,(G), is denoted by 
Hj-l/,.L JaG). In this class we introduce the norm 
<‘P)5-1/9,~,(aG) = infll w h,(G) (3.2) 
where the inf is taken over all functions w in Hj,L,(G) which equal p on the 
boundary aG. 
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Let 
A(x, D) = c a,(x) Da (3.3) 
la!$2rn 
be an elliptic operator of order 2m in G, and let 
Bj(x, D) = c b,‘(x) Da, j = I,..., m (3.4) 
Ial <m, 
be a system of m differential boundary operators of respective order mi with 
coefficients defined on the boundary 8G of G. An elliptic operator A(x, D) 
on a region G with a set of m differential boundary operators defines an 
elliptic boundary value problem 
A(x, D) u = fin G 
Bj(x, D) II = g* on aG, j = l,..., m, 
(35) 
where f and gj are arbitrary. We shall use the symbol (A, {B,}, G) to denote 
the boundary value problem (3.5) omitting reference to the arbitrary functions 
f andgj,j = l,..., m. 
Following Agmon [3] we define a regular elliptic boundary value problem 
for bounded domains G. 
DEFINITION 1 (see Agmon [3]). An elliptic boundary value problem 
(A, (B,}, G) is called regular if 
(i) The elliptic operator A(x, D) [of order 2m satisfying the Roots 
Condition] together with the boundary system {B,}, satisfy the Com- 
plementing Condition. 
(ii) {Bj}Fl is a normal boundary system of m differential operators of 
orders <2m - 1. 
(iii) G is of class C 2m. The leading coefficients of A are continuous 
in G, the other coefficients being measurable and bounded. The coefficients 
of Bj , j = l,..., m belong to C2m--mj on the boundary. 
For regular elliptic boundary value problems the following apriori estimates 
are proved in [5]: 
THEOREM 3. If u E H,,,,,(G) and 1 < p < co, then 
11 U 112m,Lp(G) < c 11 A@, D) ZJ IILn,(G) 
I 
+ .fl <Bj(Xs D) U> 2m--ml-1/~.L,(i?G) + 11 u !lL,tG) I I (3.6) 
where C is some constant depending on A, (B,}, G, and p, but not on u, 
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A regular elliptic boundary value problem defines, in a natural way, a 
linear operator 4 defined on a subspace of Hs,,,B(G) into&(G). The domain 
of A is 
D(A) = {u; u E H2,,~&G), B,(x, D) u = 0, j = l,..., m}, (3.7) 
and for functions u in the domain of A 
Au = A@, D) U(X). (3.8) 
LEMMA 2. If the operator A, defined above, has a bounded inwerse ott L,(G), 
then for every f EL,(G) and gj E H2m--m,-1,9,L,(aG), the bound~y value 
problem (3.5) has a unique solution in H,,,,D(G). 
Proof. When the operator A has a bounded inverse, we obtain from 
Theorem 3 that the following a priori estimate holds: 
II u II 2m,L,(G) < c 11 A@, D)uh&G~ + f (Bdx, O> ")em-,-1lo.~,~BG)~ I P-9) j=l 
for every u E H,,,,.(G). 
Let us first assume that gj E Cm(ZG), j = l,..., m. It is easy to construct 
a function o such that T.J E P(G) and 2$(x, D,) o = g, , j = l,..., m. The 
boundary value problem (3.5) is then equivalent to 
A(x, D)(u - v) = f - A(x, 0) v in G 
Bj(X, D)(u - 0) = 0, j = I,..., m on i?G, 
and therefore u = w + A-l{f - A(x, D) V} is the desired solution. For the 
general case we choose functions hj E H2,,+,,+,(G) such that hi = g5 on aG, 
j = I,..., m. Then we approximate h, by hjn E Cm(G) such that 
11 bn - h, 112m-m,.Lp(G) -0 as n+m. 
Denote by gj, the boundary values of h,,. Then g,, E P(aG) and therefore, 
by the first part of the proof, the boundary value problems 
A(x,D)u,=f in G 
B&, D) u, = an on aG, j = l,..., m 
have unique solutions u,, . 
Using the a priori estimate (329, we obtain that u, is a Cauchy sequence 
in Hern,~ JG). Therefore it has a limit u in H2,,Lc(G) and this u is obviously 
the desired solution, Q.E.D. 
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LEMMA 3. Let &(x, t) E Ha,,,-l,9,LJaG) and let qj/at be the derivatives 
of +j with respect o the parameter t in H2m--m,-l,p,L,(aG). Let (A, {Bj}, G) be 
a regular elliptic boundary value problem and assume that the operator A has a 
bounded inverse on L,(G). If v(x, t) is a solution of the boundary valuxz problem 
A&, D,) v(x, t) = 0 in G 
Bj(X, D,) V(X, t) = #j(Xv t) on aG, j = I,..., m, 
then v is di&rentiable with respect o the parameter t in H,,J$G) and av/at is 
the. solution of the ‘boundary value. problem 
A@, D,) $ =.O in G 
B,(x,DJ~=~onaG, j= l,..., m. 
Furthermore, 
II 4% w zm.L,(G) < co f (~~hm-m~lle,L,(~G) (3.10) 
j-1 
Proof. Let 
,,h(x 
, 
t) = 4x, t. + h) - 4~ t) 
h ’ 
+jh(x, t) = #Ax, t + h) - v%(x, t> 
h 
If u is a solution of the boundary value problem 
A(x, D,) u = 0 in G 
then 
B,(x,D,)~=~onaG, j= l,..., m, 
A@, DJ(vh - u) = 0 in G 
B,(x, Dz)(vn - u) = q$,, - f$ cm aG, j = l,..., m. 
Therefore, 
As h + 0, the right-had side tends. to zero and therefore &/at exists (in 
H -,QG)) and is equal to u. The estimates (3.10) and (3.11) are direct 
consequences of Theorem 3, Q.E.D. 
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DEFINITION 2. A regular elliptic boundary value problem (A, {I$}, G) 
is called positive if the spectrum of the operator A, introduced by the Eqs. 
(3.7) and (3.8), is located in the right half plane Re X > 0 and h = 0 is not 
in the spectrum. 
Remark. For the case p = 2, the problem is positive if there exists a 
y > 0 such that for every u E D(A) 
Re 1, &4(x, D,) II dx > y 1, 1 II I2 dx. (3.12) 
DEFINITION 3. An elliptic boundary value problem is called regular 
strongly elliptic if it is a regular elliptic boundary value problem and the 
elliptic operator A(x, I)) is uniformly strongly elliptic in G; i.e., there exists 
a constant S > 0 such that 
(-lp Re A’@, I) > S ) 5 Izm (3.13) 
for every real 5 # 0 and x E G. Here A’(x, 0) is the principal part of A(x, D). 
4. ASYMPTOTIC EXPANSIONS OF SOLUTIONS OF 
PARABOLIC DIFFEXENTIAL EQUATIONS IN A CYLINDER 
Let G be a bounded domain in n-space and r = Gx[O, co). Let 
be a differential operator of order 2m with no differentiations with respect to 
the variable t. Let 
Bj(x, D,) = C bd(x) D,=, j = I,..., m, (4.2) 
be a system of m differential boundary operators with coefficients defined 
on SG. We shall make the following assumptions: 
(H.l) The coefficients of A(x, t, D,) have the expansion 
where CZ.~(X) and C&X, t) with 1 a I = 2m, k = 0, l,..., n are continuous 
functions in G; Q(X) and c,Jz, t) with 1 a I < 2m, k = 0, l,..., n are 
measurable and bounded in G. 
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(H.2) The functions c,(x, t) are uniformly Hijlder continuous in t; i.e., 
I C&G h) - C&G cJI < Km i h - $Ip9 O<p<l, (4.4) 
where the constant K, does not depend on x E G, and c,(x, t) tends uniformly 
to zero as t -+ co for all 1 OL 1 < 2m. 
We set 
4,(x, D,) = C ~44 Dz” (4.5) 
Ial<Zrn 
and assume the following: 
(H.3) The boundary value problem (A,, {B,}, G) is a positive regular 
strongly elliptic boundary value problem. 
Using the strong ellipticity we easily obtain that there exists an angle 
6s , 0 < 0, < 7r/2 such that if 0, < 0 < 211- 19,) then 
4,(x, I) 
(-l)” 1 A;@, t)I + t+ (4.6) 
for all real vectors f + 0 and all x E G. 
(H.4) At any point x of aG let v be the normal vector and 6 # 0 be 
any real vector parallel to the boundary at x. Denote by ~z(t, A) the m roots 
with positive imaginary parts of the polynomial in t 
(-1)” A;@; 6 + tv) - A 
where A is any number in the sector 0, < arg h < 2?r - 8, . Then the 
polynomials [in t] Bj(x; .$ + tv), j = 1, 2,..., m, are linearly independent 
modulo the polynomial 
Fl (t - %+(5; w 
Let us denote by A(t), A,, K = 0, I,..., n, B,(t), the linear unbounded 
operators in L,(G) defined as follows: 
(i) The domain of all these operators is 
D = {u : u E &n@), &(x, D,) u = 0, j = l,...,m}. 
(ii) For u ED, 
A(t) u = A(x, t, 0%) u 
4~ = c Q(X) D,-J 
lml<am 
B(t,) = c c,(x, t) Dzau. 
lal<2m 
The following theorem was proved by Agmon [3, Theorem 2.11. 
504 PAZY 
THEOREM 4. If (A,, , {B,}, G) is a positive regular strongly elliptic boundary 
value problem and if (H.4) holds, then any ray arg h = 0 with 8, < e < 2~ - 8, 
is a ray of minimalgrowth of R(X : A,); i.e., for arg X = 0 and A = 0, R(h : A,,) 
exists and 
II R(h : Adl Q , A f”+ 1 . (4.7) 
LEMMA 4. If the assumptions (H.l)-(H.4) hold, then the operator -A(t) 
satisjies the cotzditiotls (A. 1 HAS). 
Proof. By the definition of A(t) it is readily seen that 
A(t) = 4 + f A, + *-- + ; A, + ; B,(t) 
where -A, , k = 0, 1 ,..., n, and -B&) satisfy the conditions (A.2) and 
(A.3). By Theorem 4, -A,, satisfies (A-,1). To prove (A.4) let K = max, K. 
and u = A;%. We then have 
II B&) A,% - B&z) A,‘v IILJO = II &P,) * - %(fd u IILJG) 
< K 1 t, - t, 1’ 11 u bn.Ls(G) \ < K I t, - t, 1' cdl 4,~ tlL9tG, + 11 u IIL&G)) 
Q KW + WI tl - t, ID II v IILJO . 
The third inequality is a consequence of Theorem 3. The proof of (A.5) is 
similar and we omit it here. Q.E.D. 
Let 
f(x, 4 = fo + f fl + --- + Afn + $ dx, t) (44 
and assume 
(F.l) The functions f*(x), 0 < k < n, are bounded and measurable 
in G, II icp(x, th (G) is bounded in r, and 
$2 11 dx, t)(lL,(G) = 0. 
(F.2) The function d.z, t) is H6lder continuous in t in the&,(G) norm; 
I.e., 
11 ‘?(x, tl) - dx;%dlL,(G) d h 1 h - t2 1’s O<p<l. 
As a result .of Theorem 2 we.now obtain 
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THEOREM 5. Let the boundary w&e problem (A, {B,}, G) suttiffr the 
conditions (H.l)-(H.4) and let the function f(x, t) sutisfy the conditions (F.l) 
and (F.2). If U(X, t) is a solution of the parabolic problem 
g + A(% t, D,) u = f 
(4.9) 
B&c, I&) 11 = 0, j = I,..., m, 
then 
whae 
and the functions Q(X) satisfy the equations 
where 
A,@, &I %W = g&4 
Bj(jc, Q.5) u*(x) = 0, j = I,..., m, 
Theorem 5 can be generalized to parabolic problems with inhomogeneous 
boundary conditions. This generalization yields 
THEOREM 6. Let the boundary problem (A, {B,}, G) satisfy the conditions 
(H.lHH.4) and let the fu&‘tif(x, t) satisfy the‘ conditions (F.l) and (F.2). 
If u(x, t) is a solution of the parabolic problem 
g + 4% 4 a!) 24 = f (x, t) 
-B&X,-~),) II = hj(x, t), j-= I,..., m 
and 
where 
h,(x, t) = f h&) t-lC + t-“&(x, t), 
k=O 
(a) hkj(x)und#,(x, t),j = l,..., m, k = 0, l,..., nbelongtoH,,,,,,;i~! 0 
(W; 
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(b) I,&, t) has H”ld o er continuous derivatives with respect to t in 
fLz--m,--l/s,~~W); 
(C) (Wwz-jm-l/P.L,(aG) = O(l) and 
( > 
* 
at Pm-mj-lIP.L,(aG) 
= o(1) as t+ a3,j = I,..., m, 
then 
where 
24(x, t) = i t-kuk(X) + t-%(X, t) 
k-0 
v+% 11 0(x3 t)iiLp(G) = o 
and the functions uk(x), 0 Q k < n, satisfy the equations 
where 
A,(% a) Uk(X) = i!k(X) 
Bj(X, &) tik(x) = hjk(x), j = I,..., m, 
(4.10) 
foe4 k=O 
gktX) = 
f&J + (k - 1) %-dx) - i &(x9 0,) uk-dx>, 1 < k < a. 
v=l 
Proof. We prove the theorem by reducing it to Theorem 5. Let q&x) and 
V(X, t) be the solutions of 
Ag, = 0 
B,v, = hi”, j = l,..., m, 
for k = 0, I,..., n and 
AOv(x, t) = 0 
BAx, t) = SW, 0, j = l,..., m. 
The existence of ok and V(X, t) as well as the differentiability of Y(X, t) with 
respect to t in H,,,,=(G) is assured by Lemma 2 and Lemma 3. Let 
y(x, t) = i t-“vk(x) + t-ny(X, t, 
k=O 
and 
w(x, t) = 11(x, t) -Y(X, q. 
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Then 
$ + A(X, t, D,) w =f(x, t) - g - A(x, t, D,) y = f(x, t) in G 
Bj(X, D,) W = 0, j = l,..., m, on aG, 
(4.11) 
and in order to complete the proof we have to show that&, t) is of the form 
J(x, t) = i t-q=&) + t--+(X, q 
and thatf(x, t) satisfies the conditions (F.l) and (F.2). It is sufficient to prove 
that @jar and A(x, t, D,) y have these properties. For $/at we have 
SY 
n-1 
at= . - & hwkt-k-l + ; z(x, t), 
where 
The first term in z(x, t) is evidently Hiilder continuous [for t >, t,, > 0] 
and tends to zero as t + co. For the second and third terms these properties 
are consequences of the estimates 
(4.12) 
9 h I t, - t, I * (4.14) 
For A@, t, 0%) y we have 
&4(x, t, D,) y = f t-k&, t, D,) Wk(X) + FA(x, t, Dz) Y(X, t>. 
k=O 
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Since vk B &.*,L,( G) we obtain easily, using the assumptions on the 
coefficients of A@, t, D,), that 
has the desired asymptotic expansion. Therefore we have only to show that 
A(x, t, D,) y(x, t) is Holder continuous and tends to zero as t --f .co [in the 
L,(G) norm]. 
Since A&, DJ V(X, t) = O- we have 
A@, t, 0,) v = A(x, t, D,) v - A,(x, D,) v = c [A,(t, x) - a,(x)] D=v. 
14am 
Therefore 
But from Eqs. (4.13) and (4.14), 11 v11 a+“&$) is bounded and Holder continuous 
in t and therefore A(x, .t, DA v is Hiilder~ continuous in t and tends to zero 
ast+co. 
Using Theorem 5 to the parabolic problem (4.11) we obtain 
w(x, t) = i t-%4&) + t-%(x, t) 
k=O 
and hence 
u(x, t) = y(x, t) -k w(x, t) = i t-%44 + v&4] + t-nE4X, t) + 4x, t)] 
A=0 
= go t-“f+)  t-%(x, t). 
A simple calculation shows that r+&) satisfies the Eqs. (4.10). Q.E.D. 
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